Using the ADM formalism, we establish and solve globally in time, Hamilton's equations by the means of a dynamical analysis, for a Bianchi type I model. Singularities and isotropization of the Universe both at early and late times are also investigated.
Introduction
In general relativity, there exist three main Hamiltonian formalisms: the Arnowitt, Deser and Misner(ADM) approach, the Dirac approach and the Kuchar method. The ADM method chooses to solve primary constraints coming from the Singular Lagrangian of the theory and develops after, the Hamiltonian formalism using only the independent variables in phases space. One must however stress that in the general frame of gauge theories, this way of process can not be considered as ideal: it conceals in fact and generally, the covariance vis--vis the symmetries of Poincare group and, in the case where the constraints are linked to a local gauge invariance, it does not always reach to raise clearly some aspects of the gauge invariance. In our present context, the ADM determination of constraints highly simplifies the formalism(which does not henceforth possess redundant degrees of freedom) as well as the physical interpretation of the results obtained. The Dirac approach comes directly from the Dirac theory of restricted systems and, incorporates without solving them, the constraints in the formalism. The Dirac approach is particularly adapted to quantify the theory. As for the Kuchar formulation, also advantageous to quantify the theory, it stresses on the geometrical signification of the Hamiltonian formalism of the general relativity.
In this paper, we will follow the ADM formulation in order to solve the field equations. The proof of results is particularly laborious, we do not find in literature documents in which those calculations are explicitly made. The Hamiltonian formalism shows several advantages comparing to the Lagrangian formalism. It allows to write field equations in the form of a first order differential system instead of a second order as in Lagrangian formalism and the physical analysis of results is more easy. We establish and solve globally in time a first order non autonomous dynamical system of field equations for the theory. We equally use this system to study singularities and the possibility of isotropization of the Universe both at early and late times.
Most of times, dynamical analysis of field equations in cosmology rest on orthonormal frame formalism and Hubble-normalized variables as shown in [13] ,( see also the references). Some scalar-tensor theories have also been studied in this way( [5] , [10] , [18] , [15] ) but, to our knowledge, their forms were always completely specified in the sense that they did not contain any unspecified functions of the scalar field and just give particular exact solutions for some laws ( power and exponential). Here we aim to study a larger class of scalar-tensor theories than usually and it is one of the reasons why we have not used the powerful orthonormal frame formalism but rather the traditional Hamiltonian ADM formalism which have shown to be helpful. Also, we have not chosen particular forms of the potential and coupling functions and we have investigated a more general global existence theorem. So our method which also studies directly the dynamical system obtained without making another change of variables as in ( [13] , [15] ...) is totally different from those usually used. The above essential elements constituted the originality of the present work.
The paper is organized as follows:
In the second part, we establish the ADM Hamiltonian forms of the actions of the General relativity and scalar tensor theories .
In the third part, we study global solutions to the dynamical system of field equations, singularities and the Isotropization of the corresponding Universe.
Singularities and Isotropization of the Bianchi type-I Universe
In the Einstein Frame, the metric can be generally written in the form:
where the ω i are the 1− forms of Bianchi type I model, the bar indicates the quantity of the Einstein frame. N and N i are respectively the lapse and the shif t functions. Following Misner [5] , β ij is defined by
Notice that β ± describes the anisotropy whereas Ω is the isotropic part of the metric. The metric functions of The Einstein and Brans-Dicke frames are linked by the relation:
Consequently, a potential U of the Einstein frame can be rewritten in the Brans-Dicke frame as:
where φ > 0 is a positive scalar field. The Lagrangian of the generalized minimally coupled massive scalar field theory with a potential is given by:
where ω (φ) stands for the coupling function. The Universe being homogeneous, the scalar field depends only on the time variable.
We recall that the ADM form of the action can be written:
where the π ij and π φ are respectively the conjugate momentum of the metric functions g ij and the scalar field, N and N i have the role of Lagrange multipliers. π ij , π φ ,N and N i are defined by :
where (3) g ij x k , t is the 3− metric of a temporal hypersurface Σ (t) ,
where L stands for the corresponding Lagrangian of the action (6) which also writes:
C 0 and C i are respectively the superHamiltonian and the supermomentum and are computed to give:
where | is the covariant derivative in the temporal hypersurface.
Varying the action with respect to N and N i respectively, one gets the two
According to the other metric functions
invoking the constraints (12) , and after using the fact that in Bianchi type I:
the action (6) also writes:
Now, on the hypersurface of constant time, we always have:
for Bianchi types I and IX without rotation, so the action (15) takes the final form :
in which H represents the ADM Hamiltonian. The p ± , p φ are defined following Misner [5] by :
The p ± represent the conjugate momenta of the β ± functions. H is computed, using the remaining constraint C 0 = 0 to be:
where V (β ± ) is a potential depending on the Bianchi model. Since in the Bianchi type I model
we obtain:
Differentiating the variables β ± , φ, p ± , p φ and H ( that are supposed in this work to be differentiable) with respect to Ω, one obtains the following non autonomous dynamical system representing the field equations for the generalized minimally coupled massive scalar field tensor theory, that also represent the Hamilton's equations for the Hamiltonian H :
In this section, as it will be proved in section 3, we suppose that the system (23) − (24) − (25) − (26) − (27) has already a solution.
Following H. Nariai [10] , if we choose diagonal metric N i = 0 and use the equality
one reaches the relation:
Already notice that, by equation (25) , the conjugate momenta p ± are constants. One deduces then, using equation (23) 
β − is a constant. Consequently, the Universe point moves on a line in the plane generated by (β + , β − ) . Now if we choose
( one can also choose dt = N dΩ), equation (29) implies that , when the Hamiltonian has a constant sign, Ω is a monotonic function of t. The relation (30) also allows us to obtain:
The relation (31) is important when one studies the metric functions in the proper time. This relation shows that the variations of metric functions g ij will depend on the sign of H − p ij , because by (29) , N H > 0. If we take for sake of simplicity a potential U with a constant sign, equation (27) proves that the sign of HḢ is constant and so for H andḢ.
By our above requirement regarding the potential U, we conclude that Ω is a monotonic function of t.
All the above considerations concerning the signs of U, H, andḢ allow us to conclude using (31) in which we also discuss the sign of p ij , that if the potential
then, in the Einstein frame: a) The metric functions can have one and only one extremum. b) When the Hamiltonian is positive, the three metric functions g ij can be increasing together at late times ( t → t 0 , t 0 positive finite or equal to +∞) but not decreasing. The singularities ( g ij → 0 t→t 0 ) are possible only at early times of the Universe ( t → t 0 , t 0 negative finite or equal to −∞). c) When the Hamiltonian is negative, the three metric functions g ij can be decreasing together at late times but not increasing. The singularity if it exists will only appears at late times of the Universe. Also, it is easily seen that
This means that the Universe will isotropize or equivalently that g ij / dg ij /dt tends towards the same function whatever i and j, only when Ω → −∞. This value will correspond to late times for t if H > 0 and to early times if H < 0.
When the sign of the potential varies, but remains asymptotically constant, the above results stay valid.
Global existence of solutions at early and late times
In what follows, since no matter field is present, we can suppose that the physical conditions at late or early times are the same as those of today, hence the scalar field will be such that:
where ω φ is the derivative of ω with respect to the scalar field. Notice that when φ is known, so are ω and U. So the system (23) − (24) − (25) − (26) − (27) is really a system of equations only in β ± , φ, p ± , p φ and H.
Also remark that the dynamical system (23) − (24) − (25) − (26) − (27) can be put in the following form:
where
and f is defined by the right hand side of the system (23) − (24) − (25) − (26) − (27) . Now H never vanishes, also use (33) to see that, clearly the function f is continuous of Ω and locally Lipschitzian in X. So by the standard theory on first order differential systems, there exists a positive number T, and initial data β ±0 , φ 0 , p ±0 , p φ0 , H 0 such that the system (34) has a unique solution
It remains to prove that the above local solution is global on Ω 0 , +∞ in Ω time.
One easily finds thaṫ
So by integration over Ω 0 , Ω , Ω ≤ T :
Consequently, Ω → β ± Ω is uniformly bounded. d) For Ω → φ Ω . In fact, in the current context, since Ω 0 ∈ [0, T ] , thus Ω ≥ 0 and H is uniformly bounded. So equation (22) implies that the function
is uniformly bounded. Invoking the inequalities:
one obtains that φp φ is also uniformly bounded. Consequently there exist x 0 ≥ 0 such that:
Examining the equation (24) , and (38) , we reach the conclusion that:
The inequality (39) implies, using the Gronwall lemma, that
where y 0 > 0 is a constant. Consequently, Ω → φ Ω is uniformly bounded. e) For Ω → p φ Ω . The conditions (38) and (40) clearly show that Ω → p φ Ω is uniformly bounded.
The proof of proposition 1 is then complete.
Based on the result obtained in proposition 1, we are able to claim: This completes the proof of theorem 1.
Conclusion
In this work, we have studied the ADM Hamiltonian formulations of the action for a minimally coupled scalar field theory in a Bianchi type I homogeneous, but anisotropic cosmological model. We have also studied the constraints appearing in the formulation and we have obtained using those constraints,
Hamilton's equations . The dynamical analysis of the non autonomous system obtained has given us global solutions in time and necessary conditions of obtaining singularities and isotropization of the corresponding Universe both a early and late times.The method we have used here is totally different from those usually used. In our future investigation, we intend to study the same problems in the presence of a perfect fluid and to check sufficient conditions for the expansion and isotropization at late time. This subject is very important in the sense that it can help us to be in conformity with all the observations regarding our Universe today and to understand why the Universe is presently supposed to by symmetrically isotropic.
